INTRODUCTION
In the operation of a number of particle-sizing instruments the diameter of a small liquid droplet is determined, as it passes through the focal waist of a focused laser beam, from the various details of its far-field lightscattering signature.' 6 For such instruments the diameter of the droplet is often comparable with the width of the laser beam focal waist. As a result standard Mie theory, which assumes plane-wave illumination, is unable to predict adequately the details of the far-field intensity of the scattered light.' In response to this inadequacy of Mie theory, Gouesbet and his collaborators devised a method to calculate theoretically the light scattered by a spherical particle that is illuminated by a polarized Gaussian laser beam 8 9 They found that the far-field intensity is determined by two sets of partial-wave amplitudes, the usual plane-wave Mie scattering amplitudes a, and b 1 Aim and Blm by expressing the incident beam coefficients as two-dimensional surface integrals. They also applied the Gaussian beam formalism to the calculation of the interior fields of the spherical particle and to the near-field region and examined the production of morphological scattering resonances by on-axis and off-axis Gaussian beams."' 2 In the numerical evaluation of Alm and Blm, it was noticed that the computed values of the coefficients exhibited a simple pattern that was reminiscent of the shape of the Gaussian beam."' 5 As a result it was believed that there existed some simple approximation to Alm and Blm in the A -0 limit that could be used to simplify further the computation of the incident beam partial-wave coefficients. Such an approximation, accurate to a few parts in 105, has been devised by Gouesbet et al., 6 although we still lack a rigorous proof of it. This approximation is called the localization approximation since it resembles the localization principle for associating a geometrical light ray with a small group of partial waves in the plane-waveincidence scattering problem.' 7 If one uses numerical integration, the finite-series method, or the localization approximation for the evaluation of Alm and Bim, the resulting far-field scattered intensity 1(0, )) for 27Ta/A >> 1, where a is the sphere radius, does not resemble the familiar I(0) graphs for plane-wave incidence.' 8 The distinctive behavior of the scattered intensity for Gaussian beam incidence has been exploited by various authors. To observe the glare spots associated with high-order rainbows, Walker used a beam-blocking technique and on other occasions used an off-axis Gaussian laser beam (i.e., the center of the droplet does not lie on the symmetry axis of the beam) to illuminate his suspended liquid droplets.' ' Similar off-axis beam experiments were performed earlier by Fahlan and Bryant to isolate the edge-ray contribution to glory scattering. 2 2 From the viewpoint of ray theory, Walker's experiments used the offaxis Gaussian beam to amplify weak-scattering mechanisms relative to traditionally predominant ones in the following way. For plane-wave incidence with 27ra/A >> 1, van de Hulst 2 ' and Bohren and Huffman 24 have calculated that >93% of the transverse-electric scattered intensity is produced by the geometrical light rays that are diffracted, specularly reflected, and transmitted by the sphere.
More than 99.5% of the intensity is produced by these three ray processes and by the rays that emerge from the sphere after one or two internal reflections. Thus an exceedingly small fraction of the incident intensity is channeled into the production of high-order rainbows. But for off-axis Gaussian beam illumination, especially if the width of the beam is substantially less than the diameter of the particle, the rays that contribute to one or a number of the dominant processes are scattered to one side of the droplet, whereas the rays for some of the high-order rainbows are scattered to the other side. With the otherwise dominant contributions now absent, high-order rainbow visibility is increased.
In this paper I consider the idea that an off-axis Gaussian beam selectivity channels the scattered light of different physical processes to one side or the other of the spherical particle and use it to explain the novel features that are present in the Gaussian beam I(0,4) The Debye series is the wave-theory analog of the geometrical-ray trajectories described above. 2 5 -29 This procedure decomposes the partial-wave scattering amplitudes into a series of terms that correspond to the spherical multipole partial waves that are diffracted, specularly reflected (p = 0), transmitted (p = 1), and transmitted after p -1 internal reflections within the sphere. I then compare the results of the Debye-series calculations with the complete Gaussian beam intensity graphs. Finally I describe an experiment whose purpose is to verify the dependence of rainbow intensity on the distance by which the laser beam is incident off axis.
EXPRESSION FOR THE FAR-FIELD SCATTERED INTENSITY
Consider a spherical particle of radius a and refractive index n whose center is at the origin of coordinates. Incident upon this particle is an electromagnetic wave of angular frequency co, wavelength A, and propagation number 27r co a=-=-
~~~~~~~~~(1)
A c traveling in the z direction, polarized in the x direction, and whose scalar radiation potential 3 0 is of the form
where V 2 inc + k 2 qinc = 0.
(3) The transverse electric and transverse magnetic components of 1in, are given by
where j 1 and n are spherical Bessel and spherical Neumann functions, pmI are the associated Legendre polynomials, and Alm and Blm are the incident field partial-wave coefficients. By taking the appropriate derivatives of finc one may calculate the r, 0, and components of the incident electric and magnetic fields. 30 For an arbitrary incident electromagnetic wave, the partial-wave coefficients Aim and Blm are given by'
where the value of the radial coordinate r is arbitrary, or by 9 
31
Alm 2(21
Before we continue, Eqs. (5) and (6) Once the incident beam is expanded into partial waves, the derivation of the partial-wave scattering amplitudes is analogous to the plane-wave incidence derivation. If we take
for the partial-wave decomposition of the scattered wave scalar radiation potential and
James A. Lock x exp(im~p) (9) for the partial-wave decomposition of the interior scalar radiation potential, the continuity of E 0 , Ed, Bo, B, at r = a gives lim Escattered(r, 0, 4)
ckr (10) lim Iscattered(r, 0,4)) = 2 kr (0)12
where
and where ai and b 1 are the plane-wave partial wave scattering amplitudes of Mie theory. Equations (10)- (14), with either Eqs. (5) or (6) used to evaluate the incident beam partial-wave coefficients, represent the formal solution to the scattering of arbitrary incident beam by a spherical particle. For plane-wave incidence with the initial electric field polarized in the x direction, we obtain 
The various terms of Eqs. (19) and (21) 
As a result Eqs. (5) give
and Eqs. (12) reduce to the familiar expressions
. (18) 1 (1 + 1) If the arbitrary incident beam is a focused Gaussian beam, the Davis formalism may be used to express Einc and Bi'nacd as a series expansion in powers of s = A/27rw, where w is the half-width of the incident beam. 3 4 For (23) in Eqs. (19) In evaluating Alm and Blm, we must first compute the Pilml cos(0). We do this for m 2 1 by starting with 
This simplification does not occur if the Gaussian beam is incident off axis, and the simplification assumes a somewhat more elaborate form for the fifth-order Davis beam on axis. 
NUMERICAL CONSIDERATIONS FOR CALCULATING THE FAR-FIELD SCATTERED INTENSITY
The computational details that must be addressed in the implementation of Eqs. (5) and (10)- (14) 
For m = 0, we start with
and use the upward-recursion relation
Another consideration in evaluating the two-dimensional integrals of Eqs. (5) (31) and (33) for the angular grid in Eqs. (5) 
ka
The function T1(0) is then computed by the upwardrecursion relation
For m = 0, 7ri(0) diverges at 0 = 0, ir. However, this function does not contribute to S, and S 2 since only the quantity im7rllml(o) appears in Eqs. (12) .
To compute ri'(0), we calculate PI cos(0) by means of Eqs. (29) and (30) 
Varying the evaluation parameter r to values greater than a preserves the accuracy of their upward-recursion evaluation by using Eqs. (34) and (35) . It also provides the above-mentioned test of the stability of the numerical integration routine and determines the value of s for tightly focused laser beams at which the first-order Davis formalism no longer represents an adequate approximation to a solution of Eq. (3). Numerical tests on Eq. (26) showed that the Davis first-order beam parameterization of Eqs. (19)- (22) 
The angular functions irllml(0) and Tilml(0) are computed in the following way. For m 2 1 we start with
Then rl is given by
The angular functions have the following properties: When (43) is used for 0 -0, r the angular functions approach 
where A+ =A,. A derivation of this expression is given in Appendix A. Relation (50) may be physically interpreted as the Gaussian amplitude profile of the incident rays that strike the surface of the sphere at the various angles of incidence. 4 0 For an off-axis beam, the localization approximation is
where 2l4l + 1) Thus truncation of the m sum at Mma = 5 introduces little error. This value of mnx was used in all the calculations reported in Section 4.
Finally, Gouesbet's localization approximation' 6 permits one to evaluate Aim and BRi to few-parts-in-10 5 accuracy without performing the one-, two-, or three-dimensional
The stationary-phase method of deriving relation (50) that is presented in Appendix A is not generalizable to the case of off-axis incidence. This is discussed in Appendix A. 
FAR-FIELD SCATTERED INTENSITY

I(0, p) FOR GAUSSIAN BEAM INCIDENCE
The results that have already appeared for I(0,4) for the scattering of a Gaussian laser beam by a spherical particle or two internal reflections (p = 2,3, respectively) produce rainbows that dominate the scattering in the backward hemisphere. Similarly, for Gaussian beam incidence with x = z = 0 andyo = -40, 0, and 40 Am, the dominant ray trajectories are shown in Figs. 6(a), 6(b), and 6(c), respectively. For yo = -40 Am, only the p = 1,2 rays provide strong contributions since the p = 0,3 rays leave the par--tide on the opposite side. For yo = 0 pum, only paraxial rays strike the particle, giving p = 1 transmission dominance in the forward hemisphere and p = 0 reflection dominance in the backward hemisphere. No rainbows are expected to appear since all rainbows require rays that are incident near the edges of the particle. For yo = 40 Am, Fig. 2 . Scattering geometry. A Gaussian laser beam polarized in the x direction propagating parallel to the z axis and displaced from it by the distance yo in the yz plane is incident upon a spherical particle. The scattered light is measured at the scattering angle 0 to the right of the z direction in the yz plane (0 = x/2) by the detector D. Since the beamwidth is approximately half of the particle diameter, Figs. 4(a)-4(c) exhibit quite different behaviors, and since 27ra/A = 528.8 for this particle, the features of the far-field scattered intensity are expected to be qualitatively understood on the basis of the interaction of geometrical light rays with the particle. For plane-wave incidence, the important ray trajectories are shown in Fig. 5 . The diffracted rays and the transmitted rays (p = 1) dominate near-forward scattering, the specularly reflected rays (p = 0) dominate the scattering for 0 900, and the rays that emerge from the particle after one the physical mechanisms that produce strong scattering for plane-wave incidence are greatly reduced in strength, permitting the otherwise much weaker physical mechanisms (i.e., high-order rainbows) to influence the behavior of the scattered intensity. For example, in Fig. 8 (a) the reductions inp = 0 andp = 3 permit thep = 6 andp = 10 rainbows to dominate the scattering for 0 1300 and 0 1000, respectively. In Fig. 8(c) only the p = 0,3 rays are expected to dominate because the p = 1,2 rays emerge from the particle on the opposite side. We tested these geometric optics predictions by performing a Debye-series decomposition of the partial-wave scattering amplitudes for both plane-wave and Gaussian beam incidence. The Debye-series decomposition of the plane-wave partial-wave scattering amplitudes may be written as
where the first term represents the diffraction of the spherical multipole partial waves, the second term represents their reflection from the surface of the particle, and the third term represents their penetration into the particle and subsequent exit after p -1 internal reflections. The expressions for R", R 22 , T 2 ' and Ti 2 in terms of spherical Bessel and spherical Neumann functions are given elsewhere. 25 29 Since the partial-wave scattering amplitudes a and I1im for Gaussian beam incidence have the product decomposition of Eqs. (14), the Debye-series analysis of both plane-wave incidence and Gaussian beam incidence proceeds identically. The individual Debye-series components for plane-wave incidence for p 12 are given in Figs. 7(a) and 7(b). As expected from ray theory, the sum of diffraction plus 0 p 3 plus the interference among these terms almost exactly fits the full Mie scattering curve of Fig. 3 . The rainbows for 4 p 10 and p = 12 do not visibly contribute to the scattered intensity because of the greatly decreased amplitude of the spherical multipole waves after many internal reflections. An exception is provided by the p = 11 rainbow that occurs near 0 = T. Its contribution to I(0) is amplified because of the axial focusing characteristic of glory scattering. 4 '- For plane-wave incidence, the presence of high-order rainbows was evident only in the Fourier transform of the scattered intensity, 27 ' 44 ' 45 which corresponds to the glare spot observations reported in Refs. 19, 20, and 46 . This was true because the high-order rainbows were obscured by the reflected and transmitted light and because the Fourier transform separates overlapping signals of different spatial frequencies. For Gaussian beam incidence with w < a, the presence of certain high-order rainbows should be evident in the scattered intensity itself since the scattering processes are now channeled to either leftof-center or right-of-center scattering angles, again separating the formerly overlapping signals of plane-wave incidence. This physical interpretation also explains the results of Ref. 47 for Gaussian beam incidence upon an absorbing sphere. The absorption extinguishes the p 2 1 Debye terms corresponding to waves that are transmitted through the sphere, leaving only diffraction and specular reflection to contribute to far-field scattering.
OBSERVATION OF RAINBOWS PRODUCED BY A GAUSSIAN BEAM
An experiment was performed to observe the dependence of the strength of the different-order rainbows on the po- Fig. 4(a) . (b) Foryo = O ,m, the sum of the contributions that are due to diffraction plusp = 0, 1, 2 almost exactly fit the full wave-theory intensity of Fig. 4(b) . (c) For yo = 40.0 Am, the sum of the contributions that are due to diffraction plus p = 0, 3, 7,11 almost exactly fit the full wavetheory intensity of Fig. 4(c) . second-order meraries to with its first them is Alex, flection contributes. All these features are faithfully reproduced in the theoretical intensity of Fig. 9(b) . The experimental intensity for a 23.9 ,m and x 0 = o= 0, yo = -22 ,m is shown in Fig. 10(a) , and the corresponding theoretical intensity I (0,IT/ 2 ) for Gaussian beam incidence is given in Fig. 10(d) . Again the agreement between theory and experiment is qualitatively quite good. The broad bright region on the left-hand side of Fig. 10(a) is the p = transmitted rays. Since the critical scattering angle for transmission 29is 0, 82.80, the sharp cutoff of the transmitted light for 0 0; is readily evident in Fig. 10(a) . The first-order rainbow (p = 2) and its first two supernumeraries appear prominently on the righthand side of Fig. 10(a) . The second-order rainbow and '-|the specularly reflected light have been channeled to the other side of the droplet by the placement of the incident laser beam. According to Fig. 8(a) , the fifth-and ninth-(a) order rainbows (p = 6,10, respectively) should appear weakly in the broad dark region between the transmission cutoff and the first-order rainbow. Neither appears in Fig. 10(a) , and it is uncertain whether exposing the film for much longer periods of time would have unambiguously showed them without producing bleedover from the adjacent overexposed regions.
The experimental intensity for a 23.9 Am and x = z = 0, and o 7 m is shown in Fig. 10(c) , and the corresponding theoretical intensity I(0,iT/ 2 ) for Gaussian beam incidence is given in Fig. 10 order rainbow. There is a single broad dim fringe (b) extending for 900 < 0 < 1000 with finer interference perimental intensity spectrum for 300 0 S 1500 patterns to each side. These details are also evident in or a plane wave that is polarized in the x direction Fig. 10(b) . The corret was -46% of the diameter. The light that sponding theoretical intensity I(0,IT/ 2 ) for Gaussian beam I into the angular region 700 < < 110 and incidence is given in Fig. 4(c) . Again the comparison be-00 exposed a strip of Polaroid film that was tween theory and experiment is quite good, although more number of centimeters away.
supernumeraries of the second-order rainbow are evident 'this method, a minimally focused laser beam in Fig. 10 (b) than can be easily identified in Fig. 4(c) . De-) m) was incident upon the droplets. The creasing the beam width to w = 15 Am in the theoretical ttered intensity is shown in Fig. 9(a) . Since intensity improved the agreement. The broad bright rely focused beam with w >> a approximates gion on the left-hand side of Fig. 10(b) is the specularly e, Fig. 9 (a) should be compared with the reflected light (p = 0). As is shown in Fig. 8(c) , it exintensity I (0) for plane-wave incidence tends all the way out to the second-order rainbow supernune particle and beam parameters given in meraries and does not have a sharp cutoff as did the 'he comparison between theory and experitransmitted light in Figs. 10(a) and 10(d). On the righttatively quite good. The bright, fine periodhand side of Fig. 10(e) is the second-order rainbow ance pattern on the left-hand side of Fig. 9(a) (p = 3), its supernumeraries to its left, and a single broad ion-transmission interference pattern [p = dim fringe to the right. Again referring to Fig. 8(c) , I g. 7(a)]. The scattering is weakest near the tentatively identify the single broad fringe with the sixth->. 9(a) at 0 1000 corresponding to specular order rainbow (p = 7) rather than the first-order rainbow On the right-hand side of Fig. 9(a) are the (p = 2) for two reasons: first, the placement of the incirainbow (p = 3) with its first three supernudent Gaussian beam should have decreased the intensity its left and the first-order rainbow (p = 2) of thep = 2 rainbow to -10% of the intensity of thep = 7 two supernumeraries to its right. Between rainbow, and second, the first-order rainbow peak should inder's dark band, in which only specular rebe narrower than the second-order rainbow peak, whereas in Fig. 10 (b) the single dim broad fringe is approximately twice as wide as the second rainbow peak. Thus I believe that I have observed a high-order rainbow in the light that was scattered from an incident Gaussian beam by a spherical water droplet.
CONCLUSION
The ubiquity of experiments that scatter small-diameter laser beams off millimeter-sized raindrops or that scatter focused laser beams off small water droplets produced of the numerical details that are involved in constructing such programs than exists elsewhere in the literature. Similarly, the far-field scattered intensities that I calculated in Section 4 have also appeared elsewhere. However, I have given a detailed physical motivation for the novel features of these I(0,4)) spectra, namely, that they arise from the contributions of high-order rainbows and a simultaneous suppression of a number of the mechanisms that dominate for plane-wave incidence. In Section 5 I have given tentative evidence that these high-order rainbow contributions do in fact occur.
APPENDIX A: DERIVATION OF THE LOCALIZATION APPROXIMATION FOR AN ON-AXIS GAUSSIAN BEAM
For a Davis first-order Gaussian beam on axis, the radial component of the incident fields is given by Eqs. (24) , and the incident beam partial-wave coefficient I, is given by Eq. (26) . Consider first the special case f(kr, 0) = 1.
Using the partial-wave decomposition of the scalar plane wave 48 and the identity
The sin 2 (0) factor in the integrand ensures that the intervals near 0 = 0, 7r do not contribute to the integral. Thus, for I >> 1, P r2 lI~(
The interval near a = 0 provides the largest contribution to the integral. For this situation the integrand of second integral in Eq. (A9) is always rapidly varying, thus contributing little to the value of J,. However, the complex exponential in the integrand of the first integral has a stationary point when a is zero and kr = + (1/2). Thus the value of J, is well approximated if the slowly varying factor f is evaluated at the stationary point 
which for the incident beam function of Eq. (A5) gives relation (50). This argument is analogous to the stationaryphase derivation of van de Hulst's localization principle, which associates a geometrical light ray with the small group of partial waves for which the phase is stationary. which is also slowly varying but is not an approximate solution to the Helmholtz equations, as was Eq. (AS), we found relation (A13) to be within only 1 part in 102 of the value of I, by using direct integration with r = a. It appears that the closer f(kr, 0) in Eqs. (24) is to a solution of the Helmholtz equation, the better the localization approximation works. I conjecture that there may well be a way to prove the localization approximation by using the properties of functions f(kr, 0), whose scalar radiation potential satisfies Eq. (3).
This conjecture would be of special importance for off-axis incidence since the stationary-phase method of relations (A1)-(A13) fails for this situation. 
where fm(kr, 0) is a slowly varying function. At this point one would like to evaluate the slowly varying factor in the integrand at the stationary point of relations (A10) and A(11) to obtain the expressions of relations (51) 12 for even m. These forms will not cancel the kr/j(kr) factor in Eq. (A20), except for m = 1. Thus a different derivation of the localization approximation for off-axis incidence must be sought.
